Dynamic stability of a flapping Micro Air Vehicle (MAV) is determined by its aerodynamic derivatives as well as its mass distribution. The aerodynamic derivatives are a function of the wing kinematics which is mainly enforced by the force generation and power consumption requirements. Alternatively, the dynamic behavior of the vehicle can be adjusted by proper management of the mass distribution. Here, we investigate the effect of the body configuration as well as its deformations on the perturbed behavior of a flapping MAV. To pursue this goal, we derive linearized equations of motion of an MAV with variable mass distribution. We run two sets of numerical experiments. In the first set, we aim to find the proper rigid mass distribution to achieve the desired dynamic stability. In the second set of experiments, the influence of time varying body deformations, through abdominal deflection, on modifying perturbed behavior of the system is explored. Time varying body deformations affect flight dynamics through changing the location of center of mass, modifying the instantaneous moment of inertia, introducing inertial force and torque, and altering effective stability derivatives. In addition, due to conservation of momentum, rotations of the abdomen alter the body attitude angle resulting in change in the orientation of the stroke plane and thus reorienting the force in the global frame. Our results show that the body deformations change the initial tendency of the system in response to a disturbance as well as the transient time response of the system. We conclude that a deformable body design allow the dynamic response of the system to be adjusted without changing the wing kinematics. 
and effective wing actuation techniques with no need for heavy engines or motors. In addition, using a network of small, agile and potentially disposable MAV's, rather than larger and more complex ones, allows better mission coverage and lowers the failure risk. Motivated by these merits, during the past several decades there has been extensive research focusing on understanding the aerodynamics of flapping flight while less is known about the flight dynamics. Nevertheless, flight would have not been possible without implementing proper means and techniques for adjusting, controlling and stabilizing the motion. Understanding the flight dynamics is not possible without evaluating the static and dynamic stability of the system. Static stability indicates the tendency to return to the equilibrium after a disturbance, while dynamic stability refers to behavior of the vehicle after it was disturbed following a steady non-oscillating flight [1] . Dynamic stability provides the functional link between the forces and the motion, hence, supplying important information regarding the response of the system to both internally and externally induced disturbances. Analyses of the static stability of gliding animals were carried out by [2, 3] in the early 2000s. In 2003, Taylor and Thomas provided the first systematic analysis on the dynamic stability of the linearized equations of motion for tethered locusts [4] . The aerodynamic derivatives were measured experimentally by changing the flight speed and the angle of attack of tethered locusts in a wind tunnel. Sun and Xiong used a similar framework to study dynamic stability of bumble bee [5] . They used computational fluid dynamics to estimate the aerodynamic derivatives. Subsequently, Taylor and Zbikowski [6] analyzed the non-linear time-periodic models of the longitudinal flight dynamics of tethered locust. The results of their analysis did not show a significant difference between the linear and nonlinear models. Dynamic longitudinal stability of four insects including hawk moth, drone fly, hover fly and crane fly were studied in [7] indicating that regardless of the differences in the morphological data as well as the aerodynamic derivatives, all these insects experience similar dynamic modes. Similar studies were carried out for analyzing the lateral-directional stability of flapping flight [8] [9] [10] . The dynamics of flight is determined by the vehicle's aerodynamic derivatives as well as its inertial properties [11, 12] . In fixed wing flight, multiple control surfaces are used to enhance stability or to adjust the dynamic behavior of the vehicle in flight. However, in flapping flight, control surfaces are missing and to alter the response, a flapping flier needs to change its wing kinematics [7] . Changing the wing kinematics is limited because of the other requirements of flight such as maintaining the altitude and/or flight velocity. Alternatively, the mass distribution can be adjusted to improve the dynamics of the system [12] [13] [14] . Here, we investigate the effect of the mass distribution and its dynamics on the longitudinal stability and agility of the vehicle. We employ small perturbation theory and linearized equations of motion about the hovering flight condition for a deformable body. We then vary the moment of inertia while keeping the total mass constant, and explore how the dynamic modes of the system change in response. After identifying the proper mass distribution of the rigid body configuration, we seek to determine how body deformations influence the response of the system to small perturbations.
II.
Problem definition The dynamic stability of two MAV's are investigated. One of the MAV's is modeled after a hawkmoth, with a massive body and low flapping frequency. The other mimics a drone fly, with a light body and high flapping frequency. The equation of motion of a system with variable mass distribution are derived. The MAV body is modeled as two sectional; fore and aft sections. These two sections are hinged together and the aft section can rotate about the hinge point, allowing change in the mass distribution. The aerodynamic derivatives are adopted from [7] .Two sets of numerical experiments are performed. In the first set, the total mass of the vehicle is kept constant and the body is assumed rigid. The mass distribution is varied by changing the Moment Of Inertia (MOI) and the eigenvalues and eigenvectors of the system are calculated to determine dynamic stability properties of the system. This allows identifying the optimal rigid body configuration to achieve desired dynamic behavior. In the second set, the effect of the body deformations is investigated. Method of eigenvalues and eigenvectors are used to identify the dynamic modes. The response of the system is calculated by integrating the perturbed linearized equations of motions of a deformable body.
III. Methods A. Dynamics of a body with prescribed time varying deformations
Considering a two-dimensional problem (longitudinal dynamics) and knowing the body deformations beforehand, the system has three degrees of freedom; two translational and one rotational. The motion of the frame fixed on the center of mass of the deformable body, , relative to the inertial frame, , defines the "whole-body motion". The
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Oxz American Institute of Aeronautics and Astronautics whole-body motion is determined by the external force and torque, while the "deforming" motion is determined by the internal actions. These two motions are independent and can be calculated separately [15] [16] [17] [18] .
The motion of the deformable body can be decomposed as follows:
Where is the velocity of the center of mass in Oxz frame, is the rotational velocity of the center of mass frame relative to the inertial frame, and is the time derivative of the positon vector relative to the center of mass.
The governing equation of the deforming motion in is as follow:
In defining the deformations of the insect body, we modeled the body as a 2 link system with a free rotating hinge joint, H, connecting the two pieces as shown in Fig 1. The time changing deformations of the body is given in a convenient coordinate system fixed at the hinge point, . The transformation between and at each time instant is given by solving Eqn. (2) and (3), thereby attaining the deformed motion. The deformations in this study are prescribed as (only) rotation of the aft section (tail) relative to the hinge point. The attained deforming motion is the body rotation (pitch angle) due to the deformation, termed here as , where subscript stands for deforming motion. The whole-body motion is then attained by the combination of the rigidbody motion of the center of mass plus the deforming motion.
Here, we prescribe the tail deflection in the form of a simple sinusoidal function in the hinge coordinate system, , as follows: (4) Where and are the amplitude and period of the tail deflection relative to the thorax. When , the body is rigid.
B. Modified Longitudinal Equations of Motion for a Deformable Body
The longitudinal equations of motion applicable to an MAV with variable mass distribution influenced by body deformation are derived below. The linearized equations of motion are defined as (8) Where is the total body mass, and are the horizontal and vertical components of the perturbation velocity, is the acceleration due to gravity, is the pitching moment of inertia about the pitching axis. Changes in the total moment of inertia due to the wing flapping is usually neglected in the stability analysis of insects, as the wing mass is only a few percentage of the body mass for most insects [19, 20] . However, in the design of MAV's this may not be the case. The variations in the moment of inertia due to the wings motion can be incorporated into the term, . The overhead dot identifies the time derivative of a variable. The deformation of the body are prescribed and preserve the total angular momentum.
The whole-body pitch rate comprises of two components as follows
where subscript stands for rigid-body motion of the center of mass.
Expressing the forces ( and ) and moments ( ) as analytical functions of the perturbation variables, they can be written as follows:
Where , , ,
are the aerodynamic derivatives which were taken from [7] .
C. Eigenvectors, Eigenvalues and Time Response
The eigenvalues and subsequent eigenvectors of the deformable body are obtained from solving the equation of motion in matrix form (Eqn. (13)).
The changes in the moment of inertia, due to the prescribed body deformations, directly affect the characteristic equation (determinant of the system matrix, A). For a deformable body and .
We solve the non-dimensional equation of equation given by Eqn. (14) . (14) where
A t x t B t  American Institute of Aeronautics and Astronautics ; ;
The quantities are non-dimensionalized as follows , ,
is the dynamic pressure, and is the mean flapping wing velocity, is the flapping amplitude, is the flapping frequency and is the radius of the second moment of wing area.
The instantaneous eigenvalues and eigenvectors of matrix A are calculated in MATLAB. The solution to the linear system of differential equations in (Eqn. (14)) can be written as the sum of four terms, corresponding to four eigenvalues.
Where are arbitrary constants specified by the initial conditions, are the eigenvalues, and are the eigenvectors.
Real and positive eigenvalues represent unstable modes. Real and negative eigenvalues represent stable motion. Complex eigenvalues represent oscillatory dynamic modes. The amplitude of the oscillations are a function of the real part of the eigenvalue, while the frequency of motion is dictated by the imaginary part of the complex eigenvalue. The stability of the oscillatory mode is identified by the sign of the real part of the corresponding eigenvalues. The stability of the system is analyzed through identifying the eigenvalues and eigenvectors. The time response of the system is calculated numerically via the function "ode45" in MATLAB.
D. Aerodynamic Derivatives
The dynamic stability of two model MAVs are studied here. The first mimics the morphology and wing kinematics of a hawk moth and the second mimics that of a drone fly (Table 1 ). We will refer to these two cases as HM and DF, respectively. The aerodynamic derivatives, which were computationally calculated, are adopted from [7] and shown in Table 2 . 
IV. Results
Dynamic stability of a system determines its response to an internally or externally induced disturbance. A stable system tends to return to the equilibrium after its motion is perturbed, while an unstable system is more responsive to a change in its state and tends to diverge from the equilibrium. Therefore, designing a stable system sometimes compromises agility and maneuverability. The common approach to regulating the dynamic response of the system involves adjusting the aerodynamic derivatives by modifying the wing and/or control surface design. In the design of flapping wing MAV's there exist no control surfaces but the designer can change the wing geometry and motion to adjust the dynamics. However, these parameters are strongly influenced by the force generation and power consumption requirements, limiting the extent to which they can be modified.
In addition to the aerodynamic derivatives, the mass distribution of the vehicle affects its dynamic response. Here, we first we investigate the effect of the mass distribution on the dynamics of flight, keeping the total mass constant and only changing the distribution. This means we only vary . The results of this study allow the designers to identify (at early stages of the design) the best configuration of the body for achieving the desired dynamic behavior. In the second section, we study the influence of a deformable body design (while keeping the initial mass distribution constant) on the dynamic stability. Time varying body deformations change both the eigenvalues and the time response of the system. The analysis is carried out for two MAV's with mass and aerodynamic properties of a hawkmoth (HM) and a drone fly (DF).
A. Effect of Mass Distribution on the Dynamic Stability
In this section, we kept the aerodynamic derivatives and the total mass of the vehicle constant. Our objective is to find a proper mass distribution that generates desired dynamic stability behavior. Fig. 2 shows the location of the roots of the characteristic equation for HM and DF models when the MOI was changed between 50% of its original value (Table 1) to 200%. The characteristic equation is fourth order and therefore has four roots; two real roots and a conjugate pair. Both real roots are negative which indicates the stability of the associated dynamic modes. The conjugate pair has positive real part indicating instability and oscillatory nature of the dynamic mode. Therefore, there are three dynamic models of the system; one fast stable mode, one slow stable mode and one unstable oscillatory mode. Changes in MOI left one of the real roots unaffected but the other three roots are significantly affected. The darker shading in Fig. 1 shows larger MOI. As the MOI increases, the conjugate pair as well as one of the real roots move closer to the origin. It is evident that the eigenvectors of the system are significantly affected by the mass distribution although the total mass as well as the aerodynamic derivatives were kept constant. As vehicle's moment of inertia increases, both frequency and amplitude of the oscillations in the disturbance quantities increases. Meaning that for HM model, increasing the MOI (for instance by an elongated body design) improves the dynamic behavior of the system, allowing
the vehicle to respond to the disturbance before the amplitude increases largely. Also, the convergence of the slow stable mode is improved by the increment in the MOI, which causes the magnitude of the disturbance to drop quickly back to zero (Fig 3) . To probe the sensitivity of our conclusions to the kinematics and morphology of the wing and the body, we carry out a similar analysis on DF model. The eigenvectors as well as the characteristic transients of the disturbances, for Iyy 50%, 100% and 200% of the original value, are shown in Tables 6-8 and Fig 5-6 , respectively. Despite the differences in the morphology and wing kinematics, the results are consistent with what is obtained for HM model. 
B. Effect of the Deformable Body Design on the Dynamic Stability
In this section, we seek to identify how time varying changes in the body configuration can be employed to adjust the behavior of a perturbed system. To do so, we investigate the dynamic stability of the system with variable mass distribution instigated by deforming the body. The characteristic equation of this system differs from that of a rigid body, as shown in the methods section. The transient changes in MOI alters the effective aerodynamic derivatives, thus changing the behavior of the system. In addition, the deforming motion results in a time dependent nonhomogenous term in the equations of motion (Eqn (14)) which influences the time response of the system. We start our analysis with prescribing the tail deflection in the form of a simple sinusoidal function in the hinge coordinate system, , as follows: (17) Where and are the amplitude and period of the tail deflection relative to the thorax. When , the body is rigid. The changes in the tail orientation modifies the system matrix through the term . Figure shows the root-locus of the eigenvalues of the system when and , where is the flapping period of the wings. In both cases, the tail deflections change the instantaneous value of the eigenvalues. For HM, tail deflections affect the amplitude of the dynamic modes more severely than it does the frequency. This is not the case for DF, where both the amplitude and the frequency of the dynamic modes change significantly due to the body deformations. These results suggest that the extent to which deformable body design can benefit the dynamic stability of the system depends on the initial mass distribution as well as the aerodynamic derivatives. 
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t    resulted in substantial increment in the instability of the system, where the vehicle's motion quickly diverges from stable hovering flight and the vehicle tumbles through the air within the first couple of wingbeats (less than 10 ms). This is too short for the current sensor technology to enable an effective active response. However, increased sensitivity to the perturbations can also enhance maneuverability. 
V. Concluding Remarks
Our analysis and results show a substantial difference between the dynamic stability properties of a rigid versus deformable body design. Prescribed body deformations can take different forms such as compression, extension, or rotations. In the current manuscript, we prescribed the body deformations in the form of rotations of the tail as is commonly observed in the free flight of insect [12, 13, 21] . This resulted in changing the moment of inertia and introducing a new stability derivative proportional to the rate of change of MOI, . Our analysis shows that the effect of this term can be interpreted as an augmentation to the pitching torque derivative, . Fig 10 shows the variations in the (non-dimensional) effective pitching moment rate for DF as a function of time for tail deflection angle with period twice that of the flapping period and amplitude of 30 and -30 deg. It is evident form the graph that the magnitude of this stability derivative can be adjusted by changing the tail deflection angle. This stability derivative has a substantial effect on governing the stability of the motion in hovering flight of flapping fliers.
The other important consequence of the body deformations is in introducing a source term (nonhomogeneous right hand side term), , to the equations of motion (Eq. 13 and 14). The existence of this term changes the general solution to the system of linear ODE's, that is, the governing equations of motion of the deformable body MAV. Since the deformations introduced in the current study are periodic, the particular solution arising from these prescribed time varying deformations is periodic as well, with a period proportional to the period of body deformations. Our analysis shows that by changing the period of the body deformations and the phase difference between the deforming motion and the whole body motion, the dynamic behavior of the MAV can be altered and adjusted as desired, alternating between stability and maneuverability. These results are of significant importance in the design of flapping wing MAV's as they propose an alternative method for adjusting the dynamics of flight when control over the wing kinematics is limited.
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